Lagrangian points are libration points in the circular restricted three-body problem. Three of them are collinear libration points, and known to have unstable periodic and quasi-periodic orbits in the vicinity of themselves. This study aims to design periodic and quasi-periodic orbits from the center manifold theory standpoint. In this paper, a new approach is proposed to design periodic and quasi-periodic orbits around the collinear libration points based upon the successive approximate method. First, the verification of the proposed approach is discussed by evaluating obtained orbits. Then the relation between the initial condition and the type of resulting orbits is investigated. In conclusion, this paper reveals that the proposed method significantly reduces the effort to obtain bounded orbits in the circular restricted three-body problem. The proposed method needs neither an initial guess for the periodic orbit nor the complex algebraic manipulation unlike the conventional methods designing periodic or quasi-periodic orbits. Moreover, a guide to choose the initial condition to obtain desired orbits is given.
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Introduction
Spacecraft trajectories are influenced by various perturbations including the gravitational field of planets during missions. In the two-body problem, there exist the optimization theories of the trajectory in the sense of minimizing the fuel consumption in the literature. 1) For the n-body problem, however, optimization theories have not been established yet. The three-body problem is the representative n-body problem. The circular restricted three-body problem (CRTBP) supposes that two massive bodies move in the circular orbits around their common center of mass and the third body is much smaller than the other two. For the CRTBP, there are five libration points, called Lagrangian points, which are led from the geometric relationship.
2) Among them, the collinear libration points are located in the saddle points of the potential surface.
3) Moreover, the existences of several types of bounded orbits in the vicinity of the collinear libration points are known as libration point orbits: Lyapunov, vertical, and halo orbits are periodic and Lissajous and quasi-halo orbits are quasi-periodic. 4)-6) In addition, these libration point orbits associate with unstable and stable manifolds. Therefore, it is possible to inject and eject a spacecraft into these orbits by using these manifolds without any energy consumption. In 2001, the trajectory based on dynamical systems theory was applied in the Genesis mission operated by NASA JPL. 7) This revealed that fuel efficient trajectories can be designed by using characteristics of the system. Determination of a reference orbit for a desired mission is a fundamental problem. An accurate initial condition of a libration point orbit is needed to implement various missions around the Lagrangian point, since for ideal case it generates a periodic or quasi-periodic orbit and it is possible to maintain desired orbits without any control for long time. In constructing a control law to realize a desired mission and optimizing a trajectory, analytical methods to design halo orbits are preferable to numerical methods. In computing libration point orbits, the differential correction method is often used.
3)， 8) However, while it provides a good initial condition, it cannot provide with analytical information which is useful for additional analyses. On the other hand, an analytical method known as the LindstedtPoincaré method provides analytical expression of a libration point orbit as functions of time.
9)， 10) However it requires high order expansions to obtain a good initial condition of a libration point orbit. Furthermore, complex algebraic manipulations and further numerical adjustments are necessary to obtain accurate halo orbits.
The main purpose of this study is to design the spacecraft trajectory analytically by exploiting the property of the center manifold theory in the CRTBP. Especially, a new semianalytical theory to approximate a solution to ordinal differential equations on center manifold 11) is applied to design libration point orbits around the Lagrangian points. Typical methods to calculate a center manifold based on the Taylor series approximation give rise to several difficulties regarding the operational complexity. In contrast, the analytical approximation theory is a successive iteration method which is easy to implement in computers. Moreover, a semi-analytical approximation method does not require complex operations with high computational costs. In addition, the proposed method is different from the differential correction method and the Lindstedt-Poincaré method. The approach is a semi-analytical method to compute periodic and quasi-periodic orbits and does not require algebraic manipulations for the higher order, while the Lindstedt-Poincaré is not the successive algorithm. Consequently, the approach offers a way to design not only periodic and quasi-periodic orbits but also formation flying or single spacecraft missions. In addition, spacecraft which is on the center manifold can fly around Lagrangian points without any control. Therefore, the proposed method is expected to be useful to realize more fuel efficient missions operated around the Lagrangian points. To verify the proposed approach, the periodic and quasi-periodic orbits obtained by the numerical calculations are shown. Furthermore the dependence between the initial condition and the type of resulting orbits is discussed.
Equations of Motion in CRTBP
In the CRTBP, the equations of motion in the nondimensional form 12) are expressed as
where {X, Y, Z} is the rotating frame whose origin is the barycenter of the system, the coordinates are normalized by the distance between two main bodies and the time by the period of the cir-
, M 1 and M 2 are the masses of the two main bodies with M 1 > M 2 , and
Furthermore, the differentiation with respect to the nondimensional time is denoted by ′ . Equation (1) has stationary points known as Lagrangian points L i satisfying
where l i (µ) are determined by setting Y = 0 and solving the first equation of Eq. (2).
1)
To describe the motion near a collinear equilibrium point L i (i = 1, 2, 3), it is convenient to use the coordinate system with the origin at L i . Replacing {X, Y, Z} by {x + l i , y, z}, Eq. (1) can be rewritten as
The state space form of Eq. (3) can be represented as
where
T , and
Strategy of Designing Periodic and Quasi-Periodic Orbits
In this section, a new approach of designing periodic and quasi-periodic orbits is proposed. Generally, the state lying on a stable (unstable) manifold converges to (diverges from) the equilibrium point of the dynamical system as time passes. Therefore, only the state on the center manifold can form libration point orbits. To obtain periodic and quasi-periodic orbits, the center manifold and the reduced system lying on the center manifold are calculated by following steps.
Deriving diagonal form
To apply the center manifold theory, the diagonal form of Eq. (4) is calculated. Eigenvalues of matrix A are computed as
The matrix A has four eigenvalues with zero real parts, one eigenvalue with a negative real number and one eigenvalue with a positive real number. Generally, a matrix A can be transformed into a block diagonal matrix D by a transformation matrix T
where all eigenvalues of P have zero real parts, all eigenvalues of Q have negative real parts and all eigenvalues of R have positive real parts. In the case of this CRTBP, Q = −Λ 3 and R = Λ 3 , and P is expressed as
The transformation matrix T is expressed as
Consequently Eq. (4) is transformed into a new coordinate as
, Eq. (6) can be divided to
As a result, Eq. (4) can be transformed into the diagonal form to apply to the center manifold theory.
Computing center manifold and reduced system
The analytical approximation method proposed by Suzuki et al.
11) is applied to solve Eq. (7). According to the center manifold theory, 13)， 14) when the state is in the vicinity of the origin, the system can be reduced to the system lying on the center manifold, and the local center manifold is expressed as the function not of time but of the state in the reduced system. That is, if the state Z is in a neighborhood of the origin, the reduced system of Eq. (7) and the center manifold can be expressed as
This means that the state of stable and unstable components are constrained by the reduced system, and consequently the dimension of the dynamics is reduced from six to four.
Let define the sequences {z
T is the initial state of z c k , and initial conditions are set as
According to 11), the sequences {z ξ) )} are the approximating solutions to the exact solutions of Eq. (7) on the center manifold. In addition, these sequences are uniformly convergent to the exact solutions, {z c (t, ξ)}, {z s (z c (t, ξ))}, {z u (z c (t, ξ))}, respectively, as k → ∞. By applying Eq. (9) to the divided system Eq. (7), the approximating solutions can be computed. The solutions are expressed in the new coordinate system. Therefore we can obtain the solutions in the original system by multiplying the transformation matrix T.
Though the differential correction method is a powerful method to obtain periodic orbits, whole initial conditions must be determined. On the other hand, the most remarkable feature of the proposed method is that when the four initial values of ξ is determined, the rest are specified. Thus, it is possible to determine unstable periodic orbits along the center manifold by applying an arbitrary initial value ξ.
Simulation for Sun-Earth CRTBP
In this section, the Sun-Earth CRTBP around L 2 is considered to demonstrate the effectiveness of the proposed method. The non-dimensional parameters around the L 2 are given as: ρ = 3.054248396 × 10 −6 , l 2 = 1.010091760 and σ 2 = 3.939308152. First, the verification of the proposed method is discussed. Then the dependence between the initial condition and the obtained orbits is investigated. The simulation conditions are set as: non-dimensional time step is 1.0 × 10 −6 and time span is 10.0 (corresponding to about 580 days). When |z
−19 , the approximate solution is considered to be converged to the exact solution, and then the iterative operation is terminated. Each iteration step takes on average 1.0 second on a Intel Core i7-4800MQ, 2.70 GHz, 16.0 GB RAM, notebook computer implementing by MATLAB R2013a. For easy understanding, the dimensional units are used in the following simulation results.
The verification of the proposed method
Firstly, the initial state X 0 obtained by the differential correction method is used to verify the proposed method. This approach requires only the initial state ξ. The other initial values of stable and unstable components are determined successively. Therefore if the initial value ξ is equal to the first to fourth elements of Z 0 = T −1 X 0 , the rest of initial values must be converged to the fifth and sixth elements of Z 0 and the orbit obtained by the proposed method must correspond with the reference orbit. Now the initial value X 0 of the reference halo orbit in the original coordinate is given as
Then it is transformed into the diagonal form Z 0 as
To verify the proposed method, the first to fourth elements of Z 0 are set as the initial condition of ξ.
The orbit obtained after 38 iteration is shown in Fig. 1 . The red line is the reference halo orbit, the blue line is approximate solution and the blue point is the initial position obtained by the proposed method.
It can be seen from Fig. 1 that the reference and obtained orbits are overlapped. The approximate initial values
, and thus [ξ, z s (ξ), z u (ξ)] converged to the reference initial condition Z 0 as k increases. Therefore by choosing the four initial values appropriately, the proposed method can compute the rest of parameters which configure a halo orbit.
Next, arbitrary four elements of ξ are used to generate a orbit on the center manifold. As a example, the initial value ξ is set as [1.0, −3.0, 5.0, 1.0] T × 10 −3 , where it is chosen to be small enough to satisfy the assumption of the center manifold theory. In Fig. 2 , the quasi-periodic orbit is obtained after 21 iteration. This signifies that the proposed method restricts the motion on the center manifold and generates a bounded orbit by arbitrary four elements of ξ.
Dependence of initial condition and type of orbit
In the previous subsection, the periodic and quasi-periodic orbits are determined by the proposed approach. In computing these orbits, only the initial values of the center manifold are needed, hence it is obvious that the initial value ξ determines the shape of resulting orbits. In this subsection, the relation between the initial value ξ and the shape of the orbit is investigated. To reveal the effect of the each element of ξ, one element is set to 1.0×10 −3 and the rests are set to zero. The orbits obtained by each initial value are shown in the projection onto x -y and x -z plane in Fig. 3 -Fig. 6 .
All orbits obtained after 10 iteration is periodic or quasiperiodic in Fig. 3 -Fig. 6 . When ξ 1 or ξ 2 is nonzero values, the orbits remain around the Lagrangian point and form three-dimensional quasi-periodic orbits whose amplitudes in the z-direction are much larger than those in the x and y directions (Figs. 3 and 4) . In contrast, ξ 3 and ξ 4 have only effect on the in-plane motion (Figs. 5 and 6 ). In addition, the orbits by using only ξ 3 and ξ 4 are Lyapunov orbits. These are understandable from the following. The initial condition X 0 obtained by the proposed method is expressed as
where z s (ξ) = z u (ξ) is used. In the case of Figs. 3 and 4, Eq. (10) becomes
From the center manifold theory, in the vicinity of the equilibrium points, the orders of z s and z u are sufficiently smaller than that of z c i (i = 1, 2, 3, 4). In addition, in the Sun-Earth L 2 system, the constants are C 1 = 0.7382209754 and L 1 = 1.985052479. Therefore the third and sixth components of Eq. (11) which affect the z-direction motion are larger than the first and fifth ones. This is because the out-of-plane components are much bigger than in-plane ones in Figs. 3 and 4 . On the other hand, the reason why the Figs. 5 and 6 cases are Lyapunov orbits is obvious from Eq. (10) that the z-direction terms are zero. Therefore it can be said that when a Lyapunov orbit is designed, it is necessary to give nonzero values to ξ 3 or ξ 4 and ξ 1 and ξ 2 should be zero. Conversely, in the case of designing three-dimensional periodic or quasi-periodic orbits like halo or Lissajous orbits, at least either ξ 1 or ξ 2 requires nonzero values. Note that the proposed method computes the fourdimensional center manifold in the vicinity of the Lagrangian point in the CRTBP. Hence it successively provides a bounded orbit by using an arbitrary initial condition, ξ. However there are mainly two difficulties. The first problem is that the proposed method cannot distinguish whether it be the initial condition of a quasi-periodic orbit or that of a periodic orbit before the calculation. Whereas a quasi-periodic orbit has two different periods in the in-plane and out-of-plane directions, a periodic orbit is formed as a special case when both periods are equal. A periodic orbit is obtained only if the initial condition is sufficiently close to one of the periodic orbit. Otherwise, as shown in Figs. 3 and 4 , a quasi-periodic orbit is obtained. Therefore to obtain a periodic orbit, an initial condition ξ must be corrected.
The other difficulty is that the shape of the obtained orbit is difficult to predict before the calculation. This is because the transformed variables z c are mingled with the components of the positions and velocities. However the geometry of the orbit obtained by an arbitrary initial condition ξ can be continuously altered by slightly changing the initial condition. Repeating the adjustment of the initial condition of the in-plane and out-ofplane directions respectively, the desired orbit can be obtained.
Conclusion
A new approach based on the center manifold theory has been proposed to design periodic and quasi-periodic orbits in the vicinity of the Lagrangian points in the circular restricted three-body problem. The proposed method is semi-analytical unlike the differential correction method and the LindstedtPoincaré method. First, to verify the proposed method, it has been confirmed that it is possible to design the periodic or quasiperiodic orbits by using arbitrary four initial values. Next, the effect of the each element of the four initial values has been investigated. It has been revealed that two of four have effect on the in-plane motion, and the rest two do on the out-of-plane motion. Therefore by adjusting each element of the initial values, we can obtain the desired orbits.
